Abstract. In this paper we show that an expanding or steady gradient Ricci soliton warped product B n × f F m , m > 1, whose warping function f reaches both maximum and minimum must be a Riemannian product. Moreover, we present a necessary and sufficient condition for constructing a gradient Ricci soliton warped product. As an application, we present a class of expanding Ricci soliton warped product having as a fiber an Einstein manifold with non-positive scalar curvature. We also discuss some obstructions to this construction, especially in the case when the base of the warped product is compact.
Introduction
The study of warped products have been of great interest throughout the recent years. This concept was first introduced by Bishop and O'Neill as they succeeded to give examples of complete Riemannian manifolds with negative sectional curvature [5] . Given two Riemannian manifolds (B, g B ) and (F, g F ) as well as a positive smooth function f on B, we define on the product manifold B × F the metric
where π and σ are the natural projections on B and F , respectively. Under these conditions the product manifold is said to be the warped product of B and F ; it is denoted M = B × f F and the function f is called the warping function. Notice that when f is constant M is just the usual Riemannian product. Albeit the class of warped products with non-constant warping functions provides a rich class of examples in Riemannian geometry, it was shown by Kim-Kim [22] that there does not exist a compact Einstein warped product with non-constant warping function if the scalar curvature is non-positive. Moreover, they observed that a necessary condition for a warped product be an Einstein manifold is its base be a quasiEinstein metric, i.e., a Riemannian manifold whose modified Bakry-Emery Ricci tensor is a constant multiple of the metric tensor. One should point out that some examples of expanding quasi-Einstein manifolds having as a fiber an arbitrary Einstein manifold as well as steady quasi-Einstein manifolds with fiber of nonnegative scalar curvature were constructed in [4] . More recently, Barros-BatistaRibeiro [2] provided some volume estimates for Einstein warped products similar to a classical result due to Calabi [9] and Yau [26] for complete Riemannian manifolds with non-negative Ricci curvature. For this, they made use of the approach of quasi-Einstein manifolds. In particular, they also presented an obstruction for the existence of such a class of manifolds. We would like to mention here the work of He-Petersen-Wylie [19] concerning warped product Einstein manifolds. Being an extension of the work of Case-Shu-Wei [10] and some earlier work of Kim-Kim [22] , the upshot of [19] is that the base may have non-empty boundary. A natural generalisation of the Einstein manifolds are the Ricci Solitons. This concept was introduced by Hamilton [16] in early 80 ′ s. We recall that a Ricci soliton is a complete Riemannian manifold M endowed with a metric g, a vector field X ∈ X(M ) and a constant λ satisfying the equation
We shall refer to this equation as the fundamental equation. A Ricci soliton is called expanding, steady or shrinking if λ < 0, λ = 0 or λ > 0, respectively. When X = ∇ψ for some smooth function ψ on M , we write (M, g, ∇ψ, λ) for the gradient Ricci soliton with potencial function ψ. In this case, the fundamental equation can be rewritten as
where ∇ 2 ψ denotes the Hessian of ψ. For more details see [8, 16] . It has been known since the early 90's that a compact gradient steady or expanding Ricci soliton is necessarily an Einstein manifold [17, 20] . In [24] , Petersen and Wylie used a theorem due to Brinkmann [7] to show that any surface gradient Ricci soliton is a warped product. It is also known that Robert Bryant (see [6, 12] ) constructed a steady Ricci soliton as the warped product (0, +∞) × f S m , m > 1, with a radial warping function f . Since this latter function is not limited we reach the following natural question: Under which conditions a warped product with a limited warping function is a Ricci soliton? Our first theorem gives a partial answer to this question.
n × f F m be a warped product and ϕ a smooth function on B so that (M, g, ∇φ, λ) be an expanding or steady gradient Ricci soliton. Assume that its fiber F m is of dimension at least two and that its warping function f reaches both maximum and minimum. Then M must be a Riemannian product.
This latter theorem is motivated by the ideas of [22] which concern compact Einstein warped product spaces with non-positive scalar curvature. We point out that Theorem 1 is a natural generalisation of the Einstein case to the Ricci soliton case without the compactness condition on the product that was taken in [22] . Incidentally, an interesting fact emerges when we study Ricci solitons that are realised as a warped product. Indeed, their bases satisfy the equation (1.4) below. This is a generalisation of the Einstein metrics, which contains quasi-Einstein metrics (see p. 6).
The next result establishes a compactness criterion of shrinking gradient Ricci soliton warped product under the condition that the base is compact.
n × f F m be a warped product and ϕ a smooth function on B so that (M, g, ∇φ, λ) be a shrinking gradient Ricci soliton with compact base and fiber with dimension at least two. Then M must be a compact manifold.
It should be emphasized that there are several further interesting obstructions to the existence of Einstein metrics. For more details about this subject see [2, 3, 4, 11, 22] . According to this fact, it is natural to investigate the obstruction results for Ricci solitons that are realised as a warped product. Beyond Theorems 1 and 2, we will prove some more in the course of this paper, as it can be seen in the remarks and corollaries.
We next obtain a necessary and sufficient condition for constructing a gradient Ricci soliton warped product. For this reason, we consider a Riemannian manifold (B n , g B ) with two smooth functions f > 0 and ϕ satisfying
for some constants m, c, λ ∈ R, with m = 0. We will prove that f and ϕ satisfy
for a constant µ ∈ R, cf. Proposition 3. By taking m to be an integer at least 2 and using the Bishop and O'Neill formulas (cf. Lemmas 1 and 2), we construct a gradient Ricci soliton warped product as follows.
Theorem 3. Let (B n , g B ) be a complete Riemannian manifold with two smooth functions f > 0 and ϕ satisfying (1.4) and (1.5). Take the constant µ satisfying (1.6) and a complete Riemannian manifold (F m , g F ) with Ricci tensor
At this juncture we should stress the fact that the requirement that the metric g F is Einstein is indispensable, cf. Proposition 2. Furthermore, µ is necessarily constant when the dimension of the fiber is at least 2, cf. Proposition 3.
As an application we will construct a class of expanding Ricci soliton warped product having as a fiber an Einstein manifold with non-positive scalar curvature, cf. Corollary 2.
Recently, our Theorem 3 along with other excellent results have been proven in the case of steady gradient Ricci solitons warped product when the base is conformal to an n(≥ 3)-dimensional pseudo Euclidean space invariant under the action of an (n − 1)-dimensional translation group (see [25] ). As a consequence of the ODE's theory we observe that the technique of [25] only applies to the construction of a steady Ricci soliton.
Other relevant works to be cited are Ivey [21] and Dancer-Wang [13] . The outcome of these papers is the construction of noncompact gradient steady solitons, which was achieved by the use of double and multiple warped products. Notice that this construction is a generalisation of the construction of the Bryant's soliton. Also, Gastel-Kornz [15] constructed a two-parameter family (doubly warped product metrics) of gradient expanding solitons on R n × F m , where F m (m ≥ 2) is an Einstein manifold with positive scalar curvature.
Preliminaries
In this section we shall follow the notation and terminology of Bishop and O'Neill [5] . Our immediate goal is to relate the calculus of M = B × F to that of its factors. The crucial notion for this is that of a lifting. We consider the liftf = f • π of f to M = B × F of the a smooth real-valued function f on B and the lift of X ∈ X(B) to M is the vector fieldX ∈ X(M ) whose value at each (p, q) is the unique vector X ∈ T (p,q) M such that dπ(X) = X. Thus the lift of X to M is the unique element of X(M ) that is π-related to X and σ-related to the zero vector field on F . The set of all such horizontal liftsX is denoted by L(B). Functions and vector fields on F are lifted to M in the same way using the projection σ. The set of all such vertical liftsṼ is denoted by L(F ). From now on, if X ∈ X(B), when there is no danger of confusion, we will use the same notation for its horizontal lift X ∈ L(B); similarly for the vertical lift V ∈ L(F ) of V ∈ X(F ).
Recall that the warped product M = B n × f F m of two Riemannian manifolds is simply their Riemannian product endowed with the metric (1.1). The manifold B is called the base of M and F the fiber. Tangent vectors to the leaves are horizontal and tangent vectors to the fibers are vertical. We denote by H the orthogonal projection of T (p,q) M onto its horizontal subspace T (p,q) (B × q), and by V the projection onto the vertical subspace T (p,q) (p × F ). It is well known that the gradient of the lift h • π of a smooth function h on B to M is the lift of the gradient of h. Thus there should be no confusion if we simplify the notation by writingh for h • π, so that the gradient, the Hessian and the Laplacian ofh calculated in the metric of M are denoted respectively by ∇h, ∇ 2h and ∆h, where ∆ = tr(∇ 2 ). We will denote by D, ∇ and F ∇ the Levi-Civita connections of the M , B and F , respectively. The following result is crucial for us.
In particular, 
, we take the trace of the equation (1.3) to obtain R + ∆ψ = kλ. Moreover, Hamilton [17] proved that
for some constant c. In this direction we deduce similar equation to (2.2) for the base of the a gradient Ricci soliton warped product, cf. equation (3.1) below. This is the first result of the next section.
Existence conditions for the Ricci soliton warped product
Now we study a Riemannian manifold (B n , g B ) as possible base of a gradient Ricci soliton warped product (M = B n × f F m , g, ∇ψ, λ). This way, it is natural to suppose that the potential function ψ is the lifting of a smooth function ϕ defined in B n , i.e., the base will carry crucial information of M 
Proof. First we observe that for all Y, Z ∈ L(B) we have
Using the fundamental equation (1.3) and the fact that
This proves the first assertion of the proposition. Similarly, for V, W ∈ L(F ) we have
Since ∇φ ∈ L(B) we get
Hence we complete the proof of the proposition.
The main purpose of this article is to consider Ricci solitons that are warped products, so the previous proposition justifies why we considered equation (1.4) in the introduction. Motivated by the work of Maschler [23] , we will refer to this equation as the Ricci-Hessian type equation. In [10] , Case-Shu-Wei introduced the concept of quasi-Einstein metrics which originated from the usual study of Einstein manifolds that are realised as warped products, cf. Besse [4] . Thus, it was naturally expected that the class of Ricci-Hessian type equation contains the class of quasi-Einstein metrics. In order to prove this assertion, let (B n , g, h, λ) be a quasi-Einstein metric, that is
for some λ ∈ R and 0 < m ≤ ∞. Taking m = 4r < ∞, ϕ =
Thus, by straightforward computation we have that (B n , g, ϕ, f ) satisfies the RicciHessian type equation, namely
For m = ∞, we must consider ϕ = h and f = constant. Now let us suppose that (B n , g, ϕ, f, λ) satisfies an equation of the type (3.7), for some r > 0. Notice that the following relation holds true
From (3.7) and (3.8), we get
where ξ := −r ln(f ), which completes the proof of our assertion. This turn out that the difference between this classes is in the non-homotheticity of ∇ϕ.
Another interesting situation is when we allow λ to be a smooth function on the manifold. In this case, we have the following example which may be very useful in further studies.
be the standard sphere S n or the hyperbolic space H n for τ = 1 or τ = −1 respectively. We denote h v a height function with respect to a fixed unit vector v ∈ R n+1 . Then for each real number m = 0, the functions
we get
On the other hand, Ric = τ (n − 1)g • , so it is sufficient to choose λ as at present example in order to obtain our desired statement. Now, we can identify any (0, 2)-tensor T on M with a (1, 1)-tensor by the equation
for all Y, Z ∈ X(M ). Thus, we get div(ϕT ) = ϕdivT + T (∇ϕ, ·) and ∇(ϕT ) = ϕ∇T + dϕ ⊗ T for all ϕ ∈ C ∞ (M ). In particular, we have div(ϕg) = dϕ. Moreover, the following general facts are well known in the literature
These identities will be used in what follows without further comments.
Proposition 3. Let (B n , g) be a Riemannian manifold with two smooth functions f > 0 and ϕ satisfying
for some constants m, c, λ ∈ R, with m = 0. Then f and ϕ satisfy
for a constant µ ∈ R.
Proof. From (3.10) we obtain S = nλ + m f ∆f − ∆ϕ, where S is the scalar curvature of B. Thus,
Let us now use the second contracted Bianch identity, namely
We compute
From (3.10) we have
This way
Plugging the equations (3.12) and (3.14) into equation (3.13) we have
Multiplying the previous equation by
Simplifying and regrouping the terms, we obtain
But, by hypothesis 2λϕ − |∇ϕ|
Consequently, equations (3.15) and (3.16) infer
which is sufficient to complete the proof.
Proof of the main results

4.1.
Proof of Theorem 1.
By Proposition 3 µ is constant, where the equations in (3.10) are guaranteed from equations (3.4) and (3.1). Let p, q ∈ B n be the points where f attains its maximum and minimum in B n . Then ∇f (p) = 0 = ∇f (q) and ∆f (p) ≤ 0 ≤ ∆f (q).
Since f > 0 and λ ≤ 0 we have −λf (p) 2 ≥ −λf (q) 2 and combining this with (4.1) we get
This last equation now implies
Thus, λ < 0 infers that f (p) = f (q), i.e., f is constant. For λ = 0 we have that µ = 0 and equation (4.1) reduces to
where L := ∆ − ∇ϕ. Therefore, by the strong maximum principle f is constant. In either case M is a Riemannian product.
Remark 1.
The warping function f does not reach a minimum if µ ≤ 0 and λ > 0. Indeed, under the latter hypothesis (4.1) implies Lf < 0. Now, if f reaches a minimum, we have by the strong maximum principle that f is constant, which contradicts (4.1).
Proof of Theorem 2.
Proof. Assume that B n × f F m , m > 1, is a gradient Ricci soliton with Ric+ ∇ 2φ = λg. As in the proof of Theorem 1 we have F Ric = µg F , where the constant µ is given by (4.1) or equivalently
By integration
Since λ > 0 and m > 1 we conclude that µ > 0 and so F m is compact by the Bonnet-Myers Theorem. Thus, B n × F m is a compact manifold.
Remark 2. Notice that Theorem 2 has the following alternative proof. Recall first that if both B n and F m are complete Riemannian manifolds then M = B n × f F m is complete for every warping function f . Since ∇φ ∈ L(B) and B n is compact we must have that |∇φ| is bounded on the shrinking Ricci soliton (M, g, ∇φ, λ). Therefore, we can apply Theorem 1 in [14] to affirm that M is compact manifold.
Remark 3.
It is known that non-trivial compact Ricci solitons only exist in dimensions k ≥ 4 (see [18, 20] or [8] ). In particular, any shrinking gradient Ricci soliton warped product with compact base of dimension one and fiber with dimension two must be trivial, since by Theorem 2 it is compact.
It now arises the following natural question: Is it possible to construct a gradient Ricci soliton warped product with compact base and non-constant warping function? Corollaries 1 and 3 give a partial answer to this question. Corollary 1. It is not possible to construct a gradient Ricci soliton warped product with compact base and non-constant warping function, so that its fiber is a Riemannian manifold of dimension at least two and of non-positive scalar curvature.
Proof. Suppose that M k is a gradient Ricci soliton warped product with compact base and non-constant warping function having as fiber a Riemannian manifold of dimension at least two. By Theorem 1, M k must be shrinking Ricci soliton. Hence, as in the proof of Theorem 2 its fiber must be an Einstein manifold with positive constant scalar curvature.
Proof of Theorem 3.
Proof. By the hypotheses on f and ϕ we can conclude from Proposition 3 that any µ given by (1.6) is constant. Now, taking an Einstein manifold (F m , g F ) with Ricci tensor F Ric = µg F , we can consider the warped product (
Notice that this manifold has a structure of Ricci soliton. In fact, we observe that it follows from Finally, for V, W ∈ L(F ) we have by definition of µ and part (iii) of Lemma 2 that
On the other hand, equation (3.6) gives us
Combining equations (4.3) and (4.4) we conclude that the fundamental equation is again satisfied, which completes the proof of Theorem 3.
As an application we construct the following class of expanding Ricci solitons. Recall first that the Gaussian soliton is the Euclidean space R n endowed with its standard metric g • and the potential function ψ(x) = λ 2 |x| 2 . Moreover, let us consider on R n the metricḡ = 1 ρ 2 g • , where ρ is a positive smooth function on R n . We need to find two smooth functions f > 0 and ϕ on R n and a constant λ satisfying a Ricci-Hessian type equation on (R n ,ḡ), i.e.,
Ricḡ +∇
where m > 0 is an integer. Considering the theoretical facts we obtain 6) where the two summands appearing in the second term of this equation are calculated in the metric g • . Moreover, for every h ∈ C ∞ (R n ) the following are valid (∇ 2 h) ij = h xixj + ρ xj ρ h xi + ρ xi ρ h xj for i = j,
So we need to analyze equation (4.5) in two cases. For i = j, it rewrites as
and for i = j,
We assume that the functions have the following dependencies ρ = ρ(x n ), f = f (x n ) and ϕ = ϕ(y), where x = (y, x n ) ∈ R n and y = (x 1 , . . . , x n−1 ). So taking i = n on (4.7) we have for all j = n ρ xn ϕ xj = 0.
Again from (4.7), for i = n, we obtain for all i = j = n, ϕ xixj = 0. (4.9)
As we are interested in obtaining nontrivial solutions for (4.5), we should consider ρ constant. Thus, from (4.8) we get
Whence, for i = n, we have
Hence, from (4.9) and (4.11), ϕ it is well determined by
where D 2 ϕ stands for the Hessian of ϕ calculated in the metric δ ij on R n−1 . Moreover, taking i = n on (4.10), we obtain f xnxn + λ mρ 2 f = 0. (4.13)
